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This thesis finds the closed form probability distribution expressions of the internal rate of
return for certain one and two period stochastic engineering economy problems.

In each type oftte problem, the roots of the internal rate of return are derived initially. The
probability distribution of the internal rate of return is then found for different combinations
of random cash flows. These combinations are constructed by increasingntber ri the
random cash flows. In one period problem, two different combinations are considered where
all cash flows and the cash flow of period one are random variables. In two period problem,
two cases are constructed where the cash flow of period opermd two are random
variables individually. The random cash flows are considered to be either uniform or
exponential variablesFor each combination considered, the probability distribution of the
internal rate of return is derived with the distribatimnction method and transformation of
variables method if possible. It is shown that the same solutions could be derived with either
method. The cumulative distribution functions, the expected values and the variances of these
problems are also establesh The analytical results are verified with the simulation results
for each type of problems. Cumulative distribution function is mainly used in order to
interpret the probabilistic internal rate of return; therefore numerical examples are also
illustrated.
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AThe actual science of l ogic is conversant
impossible, or entirely doubtful, none of which (fortunately) we have to reason on. Therefore

the true logic for this world is the calculus of probabilities, which takes account of the
magnitude of the probability which is, or ought to be, in a reasomableés mindd

James Clark Maxwell
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Chapter 171 Introduction

The internal rate of returiRR) has longbeen used as one of the several major indices in
determining the desirability of a given investment such aevaproject or an incremental
investment between two projects. i# defined as the intest paid or earned on the
unrecovered balance such that the initial principal and interest are completely recovered with
the final payment. This method solves for the interest rate that equates the equivalent worth
of cash inflows (receipts or savings) tbe equivalent worth of the cash outflows

(expenditures, including investmen|8).

For adeterministicsingle alternative, the formulation B8R = i’ is definedas

N N
D R(PIF, (%K) = ) Ee(PIF, %) ®
k=0 k=0

where R, net receipts or savings afer k" year E, are net expenditures including
investments for R yearand N stands forproject life The alternative is acceptablenen

i" > MARR (minimum attractive rate of return)The reader is referred to Appendix A for
alternate views on thi&RR definition by Renwick in 197[37].

This thesis especially deals with tlséochasticengineering economy problems. In the
deterministic case, the cash flows are assumea tonéwn ordeterministic amounts. This
assumption @y not be valid in somereal life applications. If the cash flows a@ndom
variables the IRR will have a probabilitgensityfunction (PDF). The objective of this thesis
is to find a closed forr?DF expression faheIRR of certainone period and twoguiod cash

flow engineering economy problems.
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If the following typical features are random, projects become more real and, naturally, more
stochastic

1. Project duration

2. The timing between the successive net cash flows

3. Cash outflows (including thiaitial investment)

4. Revenues

5. Applicable tax and/or MARR rates,

6. Salvage value
All these features may exhibit no, partial, or significant dependence expressed via correlation
coefficient matrix and/or joint PDFs based on historical evidence and/or exqeefldis

thesis does not consider any correlation among the cash flows.

Many studies with stochastic cash flows have focused oRIHeof the Net Present Value
(NPV) and various versions of the cost/benefit ratios, especially when rityrasgumpton
holds. Major advanced textf38], [37], [42], [44]) provide excellent procedures, including
simulation, to determine thBDF or at least the parameters of the random NPV using
indepenént or correlated csh flows. The PDF or even parameters of the IRR is notably
absent in mdstexts in economic analysisThe randomness of the IRR has been considered

since the 606s, but never at the popularity I

The PDF of the IRR i@ meaningful tool because the decision maker needs to know the

probability of the IRR exceeding the MARRowever, Ekerrj10] disagrees with the usage
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of the probailistic IRR when thetype of the project isncertainor not consideredt the time
of the analysis. The type of the investment projects should also be discussed in the
determination of IRR criterionnivestment projects can be classified as simplearssimple
and pure vs. mixed investments. Simple investments are the ones where there is only one
sign change in the cash flow. These investments have the only investment at the beginning of
the project and the following cash flows are the revenues. Nolesimgstments have cash
outflows that can be in any period of the project. Pure investments are defined as the ones
which have the project balances at the end of each period either negative or zero. To the
contrary,pure financing projects should have fireject balances always positive at the end
of each period. Mixethvestmentsare combination of positive and negative project balances

in different periodsmeaning that the company can borrow or invest m@3@ely

According to Ekern[10], when the type of the projeds not certain in terms of pure
investmem or pure financing, the PDF of IRR can lead to confusion when the same projects
are compared in terms of their NPVEhe conditions for accepting or rejecting a project
according to theifRRs change when the type of the project is either pure investmente
financing. His paper[10] discusses wittan example that thlRRs do not yield the same
results with the NPVs when the type of the project is not specifiecddition to the
uncertain type of investment, he also states tha probabilistic IRR camrauseserious
problems. 1 may have some scaling problems which would be inconsistéht the
probabilistic NPV. Te distributions of the cash flows malso not be statistidéy

appropriate for the project
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Derivation of thePDF for the IRR makes sense only if the wé&ltown reinvestment at the
IRR assumption is valid and any multiple root related complications are adequately resolved.
Otherwise the IRR and itsPDF have much less financial meanirkepr simple projects, the
PDF of IRR would be an extremely effective decision tdol.this study, the projects
considered are assumed to be pure and simple investioean®id the difficulty of IRR
applicdions due to cash flow sign changes and multiple roots. This thesis does not address

such issues.

This thesis seeks textend theone period problem that was considered by He[@&h In
the context of this study, th@obabilistic IRR problem is solved fboth one and two period
problems A fully solved case includes a proper PDF and the momé&rgs dnd secondof

that PDF.

Case 1:The One Period Problem
This problem deals withne period long project with an initial time zero investmenfgf
and positive net cash inflowf A; as shown inFigure 1 below. Let i be the random IRR
variable.If at least A is a random cash flow with its owRDF, theni will have aPDFthat is
a function of thd?DFsfor Ap and A. CompletePDFinformationfor Ao and A may not be
available, but such availability is assumei. can be less thaniAbut this does not present a

problem. The IRR is normally defined in the rangelobr-100% to infinity.
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Ao

Figure 1. One PeriodProblem Cash Flow Diagram

Writing the IRR equation,

A
~Ao+ 735 =0 )
=ty 3
"Ta )

Ao is a positive value by default and its negativity is maintained by the minus sign in the
formulation. Two cases are considered in order to findligteibution of thdRR:

The first case isvhenAy is a positiveconstant and Ais a random variable. Therwill only
have a distributiothat dependsn the distribution of A In thesecond case both of the cash
flows are assumed to be random variablieg.is before the investment tinietime t1, t2,

or even an earlier pedo the Ag (or investment) mayvell appear random. Sé,, can be
alsoconsidered as a random variable when future investments are underAstsdguld be
random whenmA, is random. If both Ay and A are stochastic cash flows, tROF of i is
dependent orthe quotient of these twBDFs. Quotient of random variables is a difficult
process to model into a PDF. The reader is referred to refergiftje$l5], [16], [24] for
additional information.

In both of the cases the distribution tbe IRR can bederivedby first deriving either the

cumulative density functio(CDF) or using transformation of the random variabiesthod
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The one period problem with exponeniadlistributedcash flows has been considered by
Heinen [21]. His study is the inspiration antthe motivation for this thesisOne period
problem isfurther studiedin this thesiswith uniform cash flows in this studp complement

Heinends study.

Heinen[21] derivesthe PDF of IRR for one period problem with exponential cash fldws.
PDF,the CDF and the expected valuax derived in his studyleinen does notatculate the
variances. He confirms that the CDF of each case is equal to one. The analytical results are

applied in examples for verificatioRlis resultsarereproducedn Tablel below.

In the first caseHeinentakes the initial cash flow as a constant (k) and considers the cash

flow of period one (x) as an exponendly al rand
di stribut edanvameanoch rFatre exfpoxmenti all/Mdg stri but.
0kd is assumed to be negative by default. Us
[35] , he derives the CDF and the PDF of the IRR. The expected value is found to be O for

this case.

In the second case, both the initial cash flow and the cash flow of periatesmssumed to

be exponential random variableshéelroot of the IRR is found to follow the distribution of

the quotient of these two random variabl@és analysis of the quotient of two random

variables is firsdiscussedn his study. Thenwo different examples are explored for when

cash flows have eall means and unequal means. The PDF thedCDF formulas are

derived and the expected values for both cases are found to be equal to infinity.



Table 1. One Period Problem Results withExponential Cash Flows[21]
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CASES REMARKS PDF CDF EXPECTED VALUE
Ak(1+i) _
Ao constant, A; ~ exp (A) )= |kMe}‘k(1+‘) F(i) = |k| — 0
1 1 1 1+ 1+i
s e 0 Y F(i)=——
o ~exp (Mo, A~ exp o T o =i av =15 00
i ¥ o i T 14
o ~exp (k) Ay~ exp () Mgt W imian N AL T =
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Monte-Carlo simulation camalwaysbe used to determine tiRDF of the IRRfor each given
PDF set for A and A. The @RISK [32] software can be easily used even if the two cash
flows arealso correlated. Simulation results can be fitted to one ofRB&s using an
available statistical packagelhe @RISK [32] sdtware canalso do this for the simulation
data it creates. The functions obtained by the analygalation are therefore compared to
the Monte Carlo simulatioresults for specific problems for verificatiol.is reasonable to
use simulation to verify an analytical result. An all purpose analytical formula, the PDF in

this thesis, is a superior soloi to simulation in general.

Case2: The Two Period Problem
This problem considers avo periodlong project with an initial time zero investmentAx

and positive net cash inflows Af andA,. Againleti be the random IRR variable.

I

Figure 2. Two Period Problem Cash Flow Diagram

0

Ay Ay

_A =
ot ary T aroz

(4)

Letp=1+1i

Ay Ay ) _
_A0+?+F—O and _Aop +A1p+A2—0
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Using the classic quadratiarfction format of ap? + bp + ¢ = 0 wherea = —4,, b = A,

¢ = A,, the roots are found as follows:

A= +/b? — 4ac = /Af + 44,4,
—A, + /Af + 44,4,

P12 =

—24,
—A; + /Alz + 44,4, —A; + 24, + /A12 + 44,4, 5)
M.z —24, —24,

Equation5 represents the problem of finding the PDF of the rootspalynomial equation.
This problem is first reported by Erdos and TufaB] for a general polynomiah 1950.
Later, Hamblerj20] presents a solution for the quadratic case. These two publicdt@js (

[20]) appear highly relevant but this M.S. candidate was unable to understand them fully.

Two different casesare considered in this problem. In the first cabe, A, is the only
random cash flowThen the density function ofor the IRRdepends only on the square root
transformation of the distribution of,Alt can also be solved by the distribution function
method.In the second case 1/ the only random variabl@his case was only solved by the
distribution function method. Transformation of random variables method gets highly
complicated asum and squarroot transformations are not independergaxth otherTerm

Ao is always kept as deterministic due to the limited time work for this thesis.
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In casewhen the PDE cannot be found, mean and standard deviation of thenmRRbe
found bythe Taylor serieexpansion othe Mellin transfornms. This is a challenging problem
even if complete independence is assumed among the three cash flowds fesetirch, the
random cash flows are assumed to be independent random variablesclastdn of

correlation letween random variables is suggested for further research.

For the two period problem, the cases described above are examined biyvogitifferent
distributions for the random cash flowgxponential and uniforin Another possible
classification is canging the signs of the cash flows, and naturally, the order of the revenues
and the investments.By having only one sign change in the two period IRR problem,
additional complications in the interpretation of the IRR is avoidiéach celebrated two
period oili pump problemwith -, +, - signs[4] is difficult even in its deterministic format.

Its PDFis probablynot onlyunattainale for the sbchastic version, but meaningless too.
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Chapter 2171 Literature Review

A very thoraigh literature review has been conducted on the PDF of TRR.cacept of

randomness of the IRR wésst introducedn e a r | Yy Hill@ro[Z2]. It appers that this
ideahasbeepo pul ar iRme ntwh [@/ki&&$ a1 exgation to many standard texts

in economic analysis and financashkext[37] provides adiscussiorfor the dea of having a

PDFfor the IRR. Anotheruniquereferencebelongs tarairley and Jacobfl3] who are the

only authorswho provide an actu@®DF expression and its plahd use it in assessing the

worth of a hydroelectric power investment the World Bank in Argentinen 1975 The
authors[13Jconsi der correlation among the cash f 1l
pol ynohdimHiol | R2damd sever al ([18]t[27P, thé suthqgusalgpe r s

suggest normal approximations for #BFof the IRR.

Hi | | i e r[B2§deasrwith tleel derivation of the probability distributions of M@V,

annual cost and th&RR in order to evaluate the risk of an investmede classifies
simplified procedures and theoretical procedures in the context of the previous dtedies.
states that the most of the previous simplified procedures that include probability reduce the
estimates of each cash flow to a single expected value and not mention the variance. This
situation ignores the fact that variance is also a decision factor ascuie choose small
variance when the expected rate of returns are the same. Theoretical procedures suggested
previously include sensitivity analysis, determination of the expected value of the utility and
the selection of the investments which have thgeeted rate of return greater than the cost

of capi t R2]procaddurdan beeclassieth between the simplified and theoretical
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procedures. He finds ¢hlPDF of the IRRbeyond the simplified procedures and therefore

allows the evaluation of the expected utility as in theoretical procedures.

In the formulation ofHi | | [22 prablem all X6 s t he cadlyearfateows dur
assumed to be normal. Although this assumption cannot be completely justified, it is a valid
idea to assume a symmetrical distribution which would seem like normal distribution. Even if
the cash flows are not definitely normal random variables, their sum of the present worth

would yield an approximately normal distribution due to Central Limit Theorem.

Three cases are considered for the cash flows in this problem as mutually independent,
completely correlated and a combination of both. The present worthgiRersbyequation

6.

b= ; [(1 iji)f] (6)

If the cash flows are mutually independent, then the expected value and the variance of the

present worth would be @sequatiors 7 and8 respectively:

Hp = jZO [(1‘[:_—]0]] ()

(o}

SN

Rl i
-t ®
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If the cash flows are perfectly correlated with a correlation coefficient C, then the mean and

the standard deviatiasf the NPVwould be as in thequatiors 9 and10.

_N [t
=2 [voy] ©

Z 1+ l)]] (10)

If the model includes both of the assumptions above then each cash flow would have

correlated and independent parts. The cash flows are redefiegdation 1lwhereY;6 s ar e

independentand6 s are perfectly correlated.

_ @, @, 5,3 (m)
X =Y+Z" + 27+ 77 + -+ Z; (11)

For this case, the expected value and the variance of the present worth equation will become:

" (50) + 2, B2
Z[(1+1)J] Z) : (1-’:-1')1‘(]) (12)

2
Var Z (k))

=Z[(Vlai(ggjl Z Z vy &)
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ThelRR or R, is the valuef the interest ratéor which the present worth equals zero. The
investments with the highest R are likely to be chosen. The procedfinel the PDF of R
involves finding the PDF ofNPV for various values if i in order to find the cumulative
distribution of R and then, if desired, deriving the probability densitytiomof R from the

cumulative distribution functiof22].

Renwi c k[&bs utnmenxatr i zes Hi | showsho@ the CDEis ¢toostiuctedn d
Wheni is equal to ther, then theP is zero, as irequation 4.If i is greater thamR, theP is
found to benegative.Similarly when i is Ies than R, the P is positiv&/hen the cash flows
are random variablethe area where thB is less than the assumed rate of discgives the
CDF of IRR. Therefore the probability that R is less thanthe same as the probabilityath

P is less than zero as state@qguation 4.

Prob(R < i) = Prob(P < 0]i) (14)

The CDF is found by repeating this calculation for various valueas Although it is enough

to evaluate an investment by analyzing the CDF, it is also a good practice to visualize the

PDF by taking the first derivative of the CDF.

This procedure isillusrt ed wi th the following exampl e

[22]:

di

r
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The XYZ Company is primarily engaged in the manufacture of cameras. They will soon be
discontinuing the production of one of their older models, and déineynow investigating
what should be done with the extra productive capacity that will consequently become
available. Two attractive alternatives appear to be available. The first alternative is to
expand the production of model A, one of their latestrandt popular models. This model
was initially marketed last year, and its successful reception plus favorable marketing
research indicates that there is and will continue to be a market for this extra production.
The second alternative is to initiate tpeoduction of model B. Model B would involve a
number of revolutionary changes which the research department has developed. While no
comparable model is now on the market, rumors in the industry indicate that a number of
other companies might now have danimodels on their drawing boards. Marketing
research indicates an exciting but uncertain potential for such a model. Uncertainty
regarding the reliability of the proposed new devices, lack of production experience on such
a model, and the possibility thahe market might be vigorously invaded by competing
models at any time, all add to the risk involved in this alternative. In short, the decision is
between the safe, conservative investment in model A, or the risky but promising investment
in model B. Itis felt that both of these models will be marketable for the next five years. Due
to a lack of investment funds and productive capacity, it has been decided that only one of
these alternatives can be selected. It is assumed that the production of medeldBnhot
affect the market for the presently scheduled production of model A.
Detailed studies have been made regarding the after tax cash flow consequences of the two

alternatives. The analysis of the investment required in model A indicates that caliside
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new equipment, tooling, and modification of existing production processes will be needed. It
was estimated that the difference in the immediate cash flow because of the investment in
model A would be-$400,000). However, it is recognized that th&tireate is only
approximate, so that it is appropriate to estimate the standard deviation for this cash flow.
Recalling that the probability is 0.6827, 0.9545, and 0.9973, respectively, that the actual
cash flow will be within one, two, and three standdediations, respectively, of the expected
cash flow, it was decided that an estimate of $20,000 was the most appropriate one. In other
words, the judgment was that, letting We the cash flow most actually reflects the
estimator's subjective probabilitiéls’ is chosen as $20,000.
Prob {—$400,000 — o < Y, < —$400,000 + ¢} = 0.6827
Prob {—$400,000 — 20 <Y, < —$400,000 + 20} = 0.9545
Prob {—$400,000 — 30 <Y, < —$400,000 + 30} = 0.9973
Proceeding with a similar analysis, the expected values and standard deviationsnet the
cash flows for each of the next five years were estimated. Due to the previous experience with
model A, these standard deviations were considered to be small. The variation that does exist
largely arises from the variation in the production costs,hsas maintenance, equipment
replacement, and rework costs, and in the state of the economy. Since these conditions tend
to vary randomly from year to year, it was decided that the appropriate assumption is that
the net cash flows in the various years angtually independent. One special problem was
encountered in determining the standard deviation for the fifth year since this net cash flow
combines the regular cash flow for the fifth year plus the effective salvage value of the

equipment being used. Thetandard deviation was obtained by assuming independeace,
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that the variance of the sum equals the sum of the variances of these cash flows. Thus, even
though the standard deviation for the salvage value was estimated at $30,000 and the
standard deviatin for the rest of the net cash flow at $40,000, the estimated standard
deviation of the total net cash flow for the fifth year is $50,0Ghle 2 sunmarizes the
results of the estimating procedure for model A.

Table 2 . Estimated Net Cash Flow Datan Thousands of Dollars for Model Aby Hillier [22]

Year | Cash Flow Symbol| Expected Valu¢ Standard Deviation
0 Yo -400 20
1 Y, 120 10
2 Y, 120 15
3 Y, 120 20
4 Y, 110 30
5 Ys 200 50

The procedure for describing the investment in model B was similar. The primary difference
was that this investment was considered to generate both a series of correlated cash flows
and a eries of independent cash flows. Thusgdnation11, m = 1 instead of m = 0 as for

the investment in model A. This difference arose because of the uncertainty regarding the
reception of model B on the market. Thus, it was felt that if the receptiondegcee
expectations during the first year or two, it would continue to exceed present expectations
thereafter, and vice versa. The resulting conclusion was that the net marketing cash flow, i.e.,
the net cash flow resulting from the sales income minus trensep due to the marketing
effort and advertising required, for each of the five years should be assumed to be perfectly
correlated. On the other hand, it was felt the analysis of the production expenses involved
was sufficiently reliable that any deviatidrom expectations for a given year would be

primarily attributable to random fluctuations in production costs, especially in such
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irregular items as maintenance costs. Therefore, it was concluded that the net production
cash flow for each of the five ysashould be assumed to be mutually independent. The
effective equipment salvage value, being essentially independent of the other cash flows, was
included in the net production cash flow for the fifth year.
Detailed analyses of the various components of total cash flow led, as for model A, to the
desired estimates of the expectations and standard deviations of net cash flow for marketing
and for production for each of the five years, as well as for the inateedivestment

required. These results are summarizedaitle3.

Table 3. Estimated Net Cash Flow Data in Thousands of Dollars for Model By Hillier [22]

Year Source of Cash Flow Cash Flow Symbgl Expected Value | Standard Deviatior]
0 Initial Investment Yo -600 50
1 Production Y, -250 20
2 Production Y, -200 10
3 Production Y, -200 10
4 Production Y, -200 10
5 Production; Salvage Value Ys -100 10a1o0
1 Marketing z,® 300 50
2 Marketing z,Y 600 100
3 Marketing zY 500 100
4 Marketing zY 400 100
5 Marketing z.M 300 100

In the procedure to calculate the PDF of the IRRassumed to be 10%.

For Model A, the variables are mutually independent. Thereégreations9 and 10 are

applied to find the mean and the variance of the IRR.



|29

—Z E) 200+ + 220 _ g5
o= Lla+oi| = 115
Jj=

L o [Var) ] 502
O'p —Z (1+—)2] =20 +"'+1.110 = 2247

When cumulativenormal distribution table is used, the probability that

5
= 0.023
\/2247)

Prob(R < 10%) = 0.023

Prob(P < 0i = 10%) = P(

Another numerical computation is performed here with the same data bib in%rder to

evaluate how the probability changes with the cihangate of discount.

5
=> LS/ 20 363
b= la+roi|~ 1155 °
Jj=0
5
Z Var®) | _ g2 4+ 2% _ 1689
|1+ aA+04| - 1.1510

When cumulative normal distribution table is used, the probability that

0—-36.3
V1689

Prob(R < 10%) = 0.188

Prob(P < 0]i = 10%) = P( ) —0.188
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For Model B, the mean and the variance are calculatedegoation12 and 13

5
-y E(Y) + 2, B(27)| 00230 L 200
o= (1.1)) = 1.1 115
Jj=0
2
, (k)
, Zn: [Var(}’j)l N [ Var (Z]. )
O = (1+ )2 Z z 1+
= 1+ =\ = a1+
= 2500 + -+ 1099 + (50 4ot 100)2 = 114,700
B 1.110 " \1.1 1.15) 7

0—262
) = 0.22

Prob(P < 0|i = 10% =P(—
(P <0l 0 =P\ 700
Prob(R < 10%) = 0.22
So if the same procedure is performed for various valuesram zero to infinity, it will be

possible to obtain the CDF of the IRR. The graphs of the CDF and PDF of IRR are displayed

in Figure3 andFigure4.
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Figure 3. Comparison of CDF of R for the Investments in Model A and in Model Boy Hillier
[22]
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i)

Figure 4 . Comparison of the Approximate PDF of R for the Investments in Model A and Model
B by Hillier [22]

Figure 3 andFigure4 depict rare information istochasticengineering economidgerature
dominated by the PDF and the CDF of NPV.

Bernhard[2] co mme nt ed o n H32]lconsidenng the limitingassanhpgos. In
Hillierds article, It I's assumed that t he
between the investments and that a higher expected value of IRR and the same or lower
variance should be favoretlowever,Bernhard[2] illustrates that these recommendations

may not hold in general with numerical exampksiso Bernhard states that if a reinvestment

rate is used in the model, internal rate method isaworect in general as the IRR is
completely independent with the reinvestment rate but the selection decision between the
alternatives is not independent of that rate.

Keeley and Westerfielfk8] st at e s t [B2hmethdditd fihdethre rebability of NPV



| 32
misstates the value of the distant cash flows relative to theases which results with large

errors in computationHodges and Moorf25] also points out thagquation 14may not be

generally true buotughhi sf onme tphroadc thiicsa |g opoudr peons e s .

Hi | | i er 0 s[23ktaihisprévieus articid22] replies to the comments on and clarifies
some critical issues. Thatjuation 14showing that NPV should be less than zero in order to
obtain the cumulative density may not hold in general is the most important issue addressed
to his paper. His comment to clarify this issue is to be concerned where the IRR is in the
interval [—1, oo] asit will avoid the possibility that there are no valid values for R. Another
comment is that a sufficient condition fequation 14to hold is to have a joint probability
function of all the cash flow such that NPV formula is a monotonic strictly decreasing

function ofi with probability one.

Rothkopf[40] suggests the usage dfwhich would set the expected value of retnfn’) =

0

0 instead of thep(r) =0asinHili er 6s articl e. This suggestion

misleading when there is correlation between the size of the project and its profitability.
may not be present whenis not present as well. But this value will not be affected by the

correlaton between the project size and profitability.

However, Bernharfl al s o ¢ o mme nt g40]cuggeRiontfdr this mel hdex.
Similar to the internal rate method, expected value of return method will have the same

weakness as the independence from the reinvestment rate is not satisfied.
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Another article about the PDF of the IRR is by Fairley and Jafi#jy The importance of
the article is being one of the fewest articles that relate the invesamagsis to the PDF of
the IRR.In their article, he PDF of the IRR of an investmastcalculated when cash flows
are following amultivariate normal distributionThe exact PDF for theate of return
therefore approximated twormal distribution whenariances ofhe cash flowsre small. In
addition tothe normal probability model suggestdehairley and Jacobyl3] stated an
extended application of the analysising a World Bank appraisal of a hydroelectric power
investment in Argentina.
Let 5 be the values of the cash flows which are assumed to be coming from multivariate
normal distribution. The means and the variances are also specified for; eauh the
covariances or the correlations between each pairafés s ar e t he component
random variables that are normal with the means, variances and correlations. These
components should add up linearly as the resulting random varialales reormalrandom
variables. r is the rate of return and the NPV is a function of r.

The NPV formula is changed into & degree polynomial by assumimg= 1/(1 + ).

n
p(x) = z SjXj = Sg + 51x + Spx2 4 4 5,x" (15)
j=0

A fAmean p aslcognstraced with ¢he usage of the expected value ofithe s T h e

assumed expected values are denoteg].by

n
m(x) =Zs—]xj =55+ 5x + 5x% + -+ 5 x" (16)
j=0
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The problem is assumed to have a single root. The problemeoést is to associate the root
r of p(x) with the rootro of m(x). This situation is maintained by g(r) which is called the
Aquaemsityo function that shows the density o
—o <r<-1,-1<r <oo.Inthis article it is the density function for r.
A polynomial has a root in a small interval + Ax) if and only if Ap(x)/p(x) < —1. The
probability of being in this interval i® (x, Ax) = P[Ap(x)/p(x)] < —
f(x), which is the density fothke location of a root is obtained as the limit:

dM (x, Ax)

fx) = lim (M(x, Ax)/Ax) = d(Ax)

17)
Ax=0

So when the derivation above and the transformation of variavkeslone for r, the

probability density function turns out to be a®guationl18.

90 = (Z)(Z) a- o +neem - ) (55:) 9

In the intervalo < r < —1,—1 < r < o and where

w=p(155) v =¥ (75 0w = VOarof .o, = (Gwar o v),

1+7r

m' — cma,

¢ = (corr of uand v) = (cov of uand v)/(o,0,),1 = (1 _162)%( = g )

¢ and ® are the standard normal probability density and cumulative distribution functions
respectivelyp’ and m' are the devatives of p and m with respect to r.
As stated before, Fairley and Jacoby gave an analysis of a sample project in order to use the

information given abovelhey used thelata typical of the investment studies conducted by
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the World Bank.The project islefined as dew directly taken from the referen{E3].
The particular case is the EI Choc@erros Colorados hydroelectric scheme in Argentina.
The analysis comns the comparison of the hydroelectric development with alternative
thermal power, on the assumption that growing market demand must be met one way or the
other. Typically in analysis of this kind of capital intensive project the "cost" is the outlay on
the hydroelectric scheme, and the "benefit" is the thermal system costs avoided if the
hydroelectric project is built. The net difference between the two cost streams (thermal minus
hydro) yields a series with negative numbers in the early years andvpasitmbers in the
latter years. The internal rate of return on this cost stream is referred to as the "rate of
return over cost” on the hydroelectric investment. Depending on the case, this rate may be
compared with the rate of return in other sectors led Economy, or it may be matched
against the cost of loan funds. If the rate of return is high enough, then the capital intensive
hydroelectric scheme is recommended; if the return is too small, the project is rejected. In
short, the rate of return is theecision variable for project choice. Similar calculations are

used in the evaluation of capital intensive nuclear power plants.

Data contains the average cost components for the hydro and thermal plans and the net cost
difference between the two plansm year 1 to 60. The cost components are the capital, fuel

and the maintenance and operating costs. The corresponding differences between each cost
components for each scheme are also specified. Three different random percentage errors for
capital outflovs in hydroelectric scheme, thermal scheane for fuel costs are defined as

04,040, €spectively. U is defined to be multiplie
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In this sample project the values are assignedl;as 0.15,0, = 0.01,0, = 0.10, and a =

1.024. The results are shown ihable 4 with the rate ofreturn and the approximate CDF.

Figure5 shows the PDF of IRR.

The mean and standard deviation of gagfound bynumerical integration of g (r) as:

E(r) =0.0722 o, =0.0217

Table 4 . Density and CDF of Rate of Return Distributionby Fairley and Jacoby[13]

Rate of Return (r] Density g()| CDF
0.015 0.50 0.005
0.030 1.59 0.021
0.045 5.05 0.072
0.060 12.77 0.214
0.075 19.41 0.478
0.090 15.66 0.751
0.105 7.40 0.912
0.120 2.53 0.974
0.135 0.75 0.994
0.150 0.22 1.000
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Figure 5. Distribution of Rate of Return by Fairley and Jacoby[13]

Kaplan and Barish[27] have a different approach which treats the minimum acceptable
internal rate of return as a random variable. In the examples illustratdwir article,

Hi |l | i er f23]is omsed th acaldulate the PDF of IRR when the cash flows are normal
random variablesHowever they suggeshat,i, the minimum acceptable rate of return that

is used to calculate the probabilityéguation14 can be chosen a random variaRleas well

as a fixed value. ThiR is assumed to be independent of the R. When the results of the
probabilities from both the constanbhdhrandom minimum acceptable rate of returns are
compared, they conclude that the random case differs significantly from the constant case
due to the variance of the random variable. Whenever the minimum acceptable rate of return

is relatively stableits randomnesdoes not affect the analysis very much.
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Wagle[45]al so i ntroduced a similar method to Hill
IRR. However in hignodel, the true means and the variances of the cash flows did not have
to be estimated by the user. Instead, the estimator is required to use an approach similar to
the well known PERT technique. The optimistic (a), most likely (m) and pessimistic values
(b) are estimated for each cash flow. The mean of the corresponding distribution is
(a+b+4m)/6 and the standard deviation ). In the example specified by the author, the
mean and the standard deviation of the variables (e.g. market size, satimgnparket
growth rate, share of market, investment required, residual value, operating costs, fixed costs,
useful life) are calculated with this method. If there are any, the correlations between these
variables are calculated. The sales and the varaidefixed costs cash flows are found in
terms of mean ad standard deviation. The net cash flows are found when the investment
costs, sales cash flow, cost cash flows and residual values are combined for each period. The
NPV is calculated and the PDF of RRis determined witkequation 14which is also the

method used by Hillg22].

Some authors study calculation of the IRR. Pohjola and Tur{8#ntry to estimate the
internal rate of return from the fuzzy datarfRsinghend Russell36] suggest an analytical

approach to Monte Carlo simulation for finding the internal rate of return.

Besides the analytical methods to find the PDF of IRR, some authors, such aflBlertz

Elnicki [11], and Lewellerj29] solved the same problem with simulation.
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Hertz [19] developed a Monte Carlo simulation method to find the PDF of IRR when the
cashflows are functions of several variables each having their own probability distributions.
In his analysis, range of values and the expectation of each variable are estimated. In the
simulation, each variable is assigned a random value according to thteiputions and
these values are combined to compute the internal rate of return. The same procedure is
repeated in order to find a clear portrayal of the investment risk.
Bower and Lessar{B] discuss different risk screening processes in the capital budgeting
problems and show how these methods may mismatch the market criteria and the project
measures. They also suggest a new effective method that finds theasgigstisk of a project
with a ratio that includes the expected value and the standard deviation of IRR, and a
correlation term with the market criteria.
Moore and Cherf3lJ] oppos e [Beand 6Hil[22] dassicad islea that the true
parameters of cash flows can be estimated. Thggest a simulation method based on the
distributions that are predicted from sample and prior information about the parameters. They
also compare the simulation results with the classical mdgllpef4l]u s es t he Newt on
method in a simulation model to find the parameters of the PDF of IRR. The equations and
examples to derive the I RR of simple and non
provided. An eample to incorporate uncertain project duration, cash flows and tax rates into

the simulation code is also presented.

Robichek[38] discusses two different ersom the areas of risk analysis. $tierror is about

t h e HIi2R] kanausidn shat the PDFs of IRR and NPV are exactly the same except for
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the mean and theastdard deviation. The second error is the interpretation that when the PDF

of IRR is obtained by simulation, the expected rate of return of the problem and the mean of

the distribution

of
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that there may be differences between the forms of distributions of NPV and IRR and the

expected IRR is not generally equal to the mean of the distribution of the simulated IRRs.

Carmichael and Balatbdb] presenta survey on the field of the probabilistic cash flow

models including the methods of IRR, NPV, annual worth, future worth, payback period and

benefit cost ratios . According to their survey, teeent research on the PBf IRR is given

by Kahramarj26] who presents a nugnical example in this article as shown below:

If the net cash flows am@s in theTable5 below.

Table 5. Net Cash FlowParametersby Kahraman [26]

Year | E[A;]] | VIA{]
0 | Y0
1 + Aq V(A 1)
2 +A, V(A 2)
3 +A3 V(A 3)
é é é
N +AnN V(A N)

The PDF of the IRR would be given bguation 19.

N

Y] -i) T —1<0

J=1

In their example, the cost of capital is assumed to be 10%.

(19)

e
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Table 6 . Example Net Cash Flow Tabldy Kahraman [26]

Year E[A{] VIA|]
0 -$10000| 1*10°
1-10 | $1800 | 4*10°

0 — (~$10000 + %12, $1800(1-10)_j)> _

Pr(PV < 0) = Pr(z < .
r ) =Pr (Z 1+106 + (4% 109319, (110)-2

0 —1059.20

<
Pr (Z =71078.04

) = 0.163

Usingequation 19

10
Z $1800 (1 —i*)™/ — 10000 =0

j=1
$1800(P/A,i*,10%) — 10000 = 0
Where i is found to be 12.5%. So far> 12.5, the net present value is equal to zero or
smaller than 0. This means that the capital cost of the firm has a probability of 16.3% to

increase from 10% to 12.5% or more.

This thesis deals with finding the probability distribution of functions of random variables.
Therefore it includes the quotient, product and sum of the random variables.

C u r t[7] articlé gives detailed computations to find the distribution of the quotient of two
chance variables. He also proves when the quotient distribution exists and assumes that the
two chance variables are independent from each other.y (@édrdoes a similar study by
finding the distribution of the quotient of two normal variables. Marsg80&also finds the

PDF of the ratios of normal variables. He also calculates the ratios of the sums of

independent uniform variables. Fiell|g5] finds the distribution of the index in a normal
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bivariate population. Hayya, Armstrong, and Gregk# show that a suitable transformation
of the ratio of two normally distributed variables is approximately normally distributed when
the coefficient of variation of the denominator is less than 0.39. HirjRydiscusses the
distribution of the ratio of two correlated random variables. The exact distribution and the

approximation are also compared.

Derivation of the PDF of IRR for two period problems is mainly related with the distribution
of the rats of polynomials. Erdos and Turft2] and Hambler20]provided studies for this
aspect of the PDF of IRFEieller [14] points out some problems in the determination of the

distributions of the roots of simple equati@rsl quadratic equations.

Hamblen [20] found the distributions of roots of quadratic equations with random
coefficients. The roots may be real or complex. Thesrad interest for this thesis are the
real roots. Distribution function of the real roots of a quadratic function are found
analytically and two examples where the coefficients are bivariate normal and gamma
random variables.

For the quadratic functiorthe equation is written in the form gf — £;n + £, = 0 where

g, and &, are the random variables. The roajgand n, are found with following

relationships.

(20)






