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Topology Let a spherical triangle be drawn on the surface of a sphere of radius &, centered at a point 3 — ({J, J, 0}, with vertices
A, B, and {". The vectors from the center of the sphere to the vertices are therefore given by 5 m h= ﬁ and

e = o - Now, the angular lengths of the sides of the triangle (in radians) are then ¢’ = t 5O (', &' =+ G A4, and

o =1 A0 F, and the actual arc lengths of the side are ¢ = F &', & = F &', and 0 = F . Explicitly,
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Now make use of 4, B, and ¥ to denote both the vertices themselves and the angles of the spherical triangle at these

vertices, so that the dihedral angle between planes 4¢3 5 and 4 2 T is written 4, the dihedral angle between planes
B and 462 Fis written &, and the dihedral angle between planes F¢3 & and 4¢3 £ is written . (These angles are
sometimes instead denoted , &, ; e.g., Gellert et al. 1989)
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e e Consider the dihedral angle 4 between planes 4 ¢ & and A ¢ ', which can be calculated using the dot product of the

MATHWORLD - IN PRINT normals to the planes. Assuming & = 1, the normals are given by cross products of the vectors to the vertices, so
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[axh] @=&) = [[al [b] sinc) (&l & sin &) cos A “

sin & sine cos A, (5)
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However, using a well-known vector identity gives

[axh] (@x&) = &-[bx(@x&)] (6)
=a[afb g -&an] )
= [b&]-@&l[ah ®
= cosad— cosccosé, 9

Since these two expressions must be equal, we obtain the identity (and its two analogous formulas)

cosct = cosdcosc+sind sinccoos A (10)
cosd =coscoosa+sinesingcos 5 (11
cosc = cosacos &+ sing sind cos O (12)

known as the cosine rules for sides (Smart 1960, pp. 7-8; Gellert et al. 1989, p. 264; Zwillinger 1995, p. 469).

The identity
. J[xh) <@g
sind = = (13)
| B =8|
_ _[E[hac]+hia a e (149)
sind sine
_ [ang] (15)
sind sine
where [a, h, ¢] is the scalar triple product, gives
sind _ 4, b, &] , (16)
sin o sinwsind sine
so the spherical analog of the law of sines can be written
sin A sin 5 sin ' Vol AEC)
= = = av7)

sin g sin & sine sinwsind sine

(Smart 1960, pp. 9-10; Gellert et al. 1989, p. 265; Zwillinger 1995, p. 469), where ¥l 12 4 5 {1 is the volume of the
tetrahedron.

The analogs of the law of cosines for the angles of a spherical triangle are given by
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cosAd = —cosBcos T+ sinSsinCcosa
cos 5 = —cosCcos A +3inCsind cos &
cosC = —cosAcos B +sinAsinScose

(Gellert et al. 1989, p. 265; Zwillinger 1995, p. 470).

Finally, there are spherical analogs of the law of tangents,

tn[+ (B-C)]  tan[ (& -]
tan[2 (B+C)]  tan[2 (@ +c)]
tan[2 (C-4)]  tan[3 (- a)]
tan[l(E’+A]] B tan[%(cﬂz]]
tan[2 (A-B)]  tan[ (- &)]
tan[2 (4+5)]  tan[2 (z+8)]

(Beyer 1987; Gellert et al. 1989; Zwillinger 1995, p. 470).

Additional important identities are given by
cosd =cscdoscolocosa —cosdocosd),
(Smart 1960, p. 8),

sinecos F=cosdsinc—sindcosceos 4
(Smart 1960, p. 10), and

cosgcos U =sinagcotd —sin Ccot B
(Smart 1960, p. 12).

Let

s=l@+d+o)

1
2

be the semiperimeter, then half-angle formulas for sines can be written as
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\/sm[s— 1sin (s — &)
sind sine
\/sm[s— &) sin (3 — &)
sinasine

\/ sin(s —a sin(z — &)
sinasinéd !

for cosines can be written as

sin s sin (5 — )
c,us S

sind sine

\/sins sin (s — &)
C,EIS -
gingsine

sins sin (s — &)
cus /s

sineg sind

and tangents can be written as

_\/sin[s—b]s:in[s—c] B &
B sin s sin (5 —a) T osin(s-a)
_\/sm[s—cz]sm[s—c] B k
B sinssinis —&)  sin(s—4&)
tm[lc}_\/sm(s—cﬂsm[s—&] &
z B sin s sin (5 — &) B sin[s—c]J
where
ﬁ;_ nis—asinis -2 snE -2
sms

(Smart 1960, pp. 8-9; Gellert et al. 1989, p. 265; Zwillinger 1995, p. 470).

Let

Ss%[ﬁl+5+£’]

be the sum of half-angles, then the half-side formulas are
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ta.n[;— fz] = Kcos(5-
tan[;— EJ] = Kcos(S-
tan[;— -::'] = Kcosl5-
where
K=

Al
=
Cl,

Cos .5

(Gellert et al. 1989, p. 265; Zwillinger 1995, p. 470).

The haversine formula for sides, where

1 31
havx = 0 (1-cosx)=s [E x]l

is given by

haw o =hav (& — ] + sin & sinc hav 4

(Smart 1960, pp. 18-19; Zwillinger 1995, p. 471), and the haversine formula for angles is given by

 cos (5 — A) cos (5 - B) cos (5 — )

sin (s — &) sinis — <)

haw A

sindsine
have -hav(d -2

sin & sing

hav[7- (5 + 1] + sin &5 sin Chava

(Zwillinger 1995, p. 471).

Gauss's formulas (also called Delambre's analogies) are

sin[; @-8)]  sin[; (4-5)]

gin [% -::]

Cos [% C’]

sin[% [::I+£"]] ) cus[% [A—B]]

sin [% c]

cus[%[&—&]] sin[%[ﬁl+3]]

sin[ 2 C)

COs [El C‘]
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cus[%[cz+£:-]] cus[%[ﬁl+5]]

cos(Lg s C)

(Smart 1960, p. 22; Zwillinger 1995, p. 470).

Napier's analogies are

sin[ £ (4-B)]  tan[s (@- 8]
sin[L 4+B)]  tan(le)
cus[% [A—Ef]] ) tan[% [::I+f:']] 3
cus[% [A+B]] B tan[;— .r:]
sin[ 3 @-8]  tan[3 A4-5)]
— = - (54)
sm[E [r,z+&]] cut[; C]
cns[% (- &)] ta.n[% (4 + 5]
= 55
cos [% [cz+b]] cut[% C’] 9

(Beyer 1987; Gellert et al. 1989, p. 266; Zwillinger 1995, p. 471).

SEE ALSO: Angular Defect, Descartes Total Angular Defect, Gauss's Formulas, Girard's Spherical Excess Formula, Law

of Cosines, Law of Sines, Law of Tangents, L'Huilier's Theorem, Napier's Analogies, Solid Angle, Spherical Excess,
Spherical Geometry, Spherical Polygon, Spherical Triangle. [Pages Linking Here]
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